Total (σ T ) and reaction (σ R ) cross sections are derived self consistently from the attenuation cross sections measured in transmission experiments at the AGS for K + on 6 Li, C, Si and Ca in the momentum range of 500-700 MeV/c by using a V opt = t ef f (ρ)ρ optical potential. Self consistency requires, for the KN in-medium t matrix, that Im t ef f (ρ) increases linearly with the average nuclear density in excess of a threshold value of 0.088±0.004 fm −3 . The density dependence of Re t ef f (ρ) is studied phenomenologically, and also applying a relativistic mean field approach, by fitting to the σ T and σ R values. The real part of the optical potential is found to be systematically less repulsive with increasing energy than expected from the free-space repulsive KN interaction.
I. INTRODUCTION
The KN interaction for incoming momenta up to 1 GeV/c is fairly weak, with typical total cross reaction values of 10-15 mb. It is expected then [1] that K-nuclear interactions be well described, in terms of the free-space KN t matrix and the nuclear density ρ, by the first-order optical potential V opt = tρ. However, K + nucleus total cross section values [2] [3] [4] [5] [6] [7] and reaction cross section values [7] derived from attenuation cross sections measured in transmission experiments, as well as elastic [8, 9] and inelastic differential cross sections [8, 10] and quasifree spectra [11] , all point to a substantial departure of the order of 10-20% from the predictions of a simple tρ potential, even when many conventional nuclear medium effects are incorporated [12, 13] . Several nonconventional medium effects have also been proposed to remedy the failure of the first-order optical potential approach, such as nucleon swelling [14] , or density dependent vector meson masses [15] , or polarizing the nuclear medium byNN excitations [16] , or meson exchange currents [17, 18] , but as we shall discuss in the concluding section, none of these models provides a satisfactory solution to the discrepancy.
It was pointed out by Friedman et al. [7] that values of σ R and σ T derived from transmission measurements are not model independent. Indeed a knowledge of the Coulombnuclear interference contribution at small angles is required in order to extrapolate these measurements to zero degrees, where the total and reaction cross sections are determined.
Traditionally, an optical potential is assumed for the purpose of extrapolation, even though it is not guaranteed that a particularly chosen V opt yields by calculation the same values of σ R and σ T which eventually are derived by using it throughout the extrapolation of the data.
In this sense, most existing derivations of total cross sections in the literature do not satisfy the basic requirement of self consistency. The question of self consistency, posed for V opt , is whether or not optical potentials which are constructed empirically to fit σ R and σ T values derived from transmission experiments lead to the same values, within errors, when used in reanalyzing these same experiments. Friedman, Gal and Mareš [19] have recently discussed this issue, showing that self consistency for K + nucleus cross sections can be achieved by using a density dependent optical potential V opt = t ef f (ρ)ρ with Im t ef f (ρ) depending linearly on the average density in excess of a threshold value.
In this paper we report σ T and σ R values for K + interactions with 6 Li, C, Si and Ca, as derived self consistently from the attenuation cross sections measured in transmission experiments [6] at the AGS, at 488, 531, 656 and 714 MeV/c. Previous background as well as a preliminary report for 714 MeV/c is given in Ref. [19] . Section II describes the wave equation and the optical potentials used in analyzing the data and Section III summarizes the reaction and total cross sections obtained from a self consistent analysis of the transmission measurements. The phenomenology of Re V opt is discussed in Section IV, by studying its density dependence. Some of the calculations include also fits to the angular distribution data of Ref. [9] . A relativistic mean field approach to Re V opt is presented in Section V.
Both approaches suggest that Re V opt becomes less repulsive with increasing energy than expected from the free-space repulsive KN t matrix interaction. Section VI consists of a summary and discussion.
II. OPTICAL POTENTIALS
Following Ref. [19] , the interaction of K + with nuclei is described in the present work by the Klein Gordon equation
where k and ε
red are the wave number and reduced energy respectively in the c.m. system,
in terms of the c.m. energies for the projectile and target particles, respectively. V c is the Coulomb potential due to the charge distribution of the nucleus, and
The simplest possible tρ form for the optical potential is
where F k is a kinematical factor resulting from the transformation of amplitudes between the KN and the K + nucleus c.m. systems and b 0 is the value of the KN scattering amplitude in the forward direction. M is the free nucleon mass, M A is the mass of the target nucleus, √ s is the total projectile-nucleon energy in their c.m. system and the nuclear density distribution ρ(r) is normalized to A, the number of nucleons in the target nucleus. It is instructive to note that, in the eikonal approximation, the probability attenuation produced by the potential (2) for the propagation law implied by using the wave equation (1) (for V c = 0) is given by
where σ is the KN total cross section. Eq.(3) corresponds to a semiclassical picture of the K + projectile propagating forward with a mean free path (σρ) −1 in a medium of density ρ, thus justifying the use of the wave equation (1) with V opt = tρ of Eq.(2).
Other relativistic wave equations were tested for comparison in Refs. [7, 19] and yielded cross section values practically the same within few percents as those presented here. As for our final conclusions, details do slightly change using other wave equations, but the overall picture remains unchanged.
A convenient 'macroscopic' (MAC) parameterization of nuclear densities is in terms of a 2-or 3-parameter Fermi function or, for light nuclei, in terms of a modified harmonic oscillator density. Experimental information on nuclear charge densities is often presented using these functions [20] , and the proton densities may then be obtained by properly unfolding the finite size of the proton. Such densities are adequate around the nuclear surface where the root-mean-square (r.m.s.) radius is determined. However, such distributions cannot be valid far outside the nucleus because they do not possess the correct exponential fall-off, as determined by the binding energy of the least bound particles. In that region it is more appropriate to use single-particle (SP) densities or densities obtained from a more realistic
Hartree-Fock (HF) calculation. A convenient way for generating 'microscopic' or SP nuclear densities is to fill the appropriate single particle levels in a Woods-Saxon potential (sepa-rately for protons and neutrons). The radius parameter of the potential is then adjusted so that the resulting proton density distribution reproduces the r.m.s. radius of the charge distribution (after folding in the finite size of the proton) whilst at the same time the depth of the potential is adjusted so that the binding energy of the least bound particle is set to the corresponding separation energy, thus ensuring the correct fall-off of the density at large radii. Using this method, which is obviously a simplification, rather realistic density distributions are obtained, particularly outside the nuclear surface. The two models, namely the MAC and the SP models, will be used here.
Fits to the data may be made by adjusting a complex parameter t ef f which is related to an effective forward scattering amplitude b ef f as follows:
In Ref. [19] it was shown that very good self consistent fits to the data could be obtained if the imaginary part of t ef f was made density dependent according to the empirical expression:
where the average nuclear density is defined as follows:
Values of ρ can be obtained from HF calculations or from the simpler SP calculations described above. Results for the four nuclei of the present work are given in Table I, where the uncertainties for C, Si and Ca are about 1%. It was found that the values
provide excellent self consistent fits at all four momenta for which transmission measurements on 6 Li, C, Si and Ca were made at the AGS [3] [4] [5] [6] . Attempting to avoid the use of a threshold density ρ th in Eq.(5) by using powers of the average or local density ρ(r) failed to produce fits to the data. Note that the value of the threshold density (Eq. (7)) is considerably larger than the average density of 6 Li, while comfortably smaller than ρ of the other target nuclei.
This reflects the failure to reconcile the 6 Li data with the data for the denser nuclei, unless the specific density dependence given by Eq. (5) is assumed. This density dependence, for the parameters of Eq. (7), amounts to 20-30% enhancement, depending on the nucleus.
Results of the self consistent fits are given in Table II , essentially taken from Ref. [19] .
Listed are values of the fitted KN effective forward scattering amplitude b ef f which are determined exclusively by fitting to the 6 Li data. It was demonstrated in Ref. [19] that in the present incoming momentum range, and for a KN interaction strength as weak as here encountered, using an optical potential to describe scattering off as light a nucleus as substantially less repulsive than the free-space t. It was pointed out in Ref. [19] that such a trend might be expected partly due to the proximity of the K * N and K∆ channels, but no quantitative estimates of this effect have been made.
III. INTEGRAL CROSS SECTIONS FROM TRANSMISSION MEASUREMENTS
As explained above and in Ref. [19] , we have succeeded in obtaining self consistency in the analysis of transmission experiments by rescaling the imaginary part of the optical potential with the average nuclear density above a threshold value. No explanation could be given to this empirical result, but we note that with such a rescaling, which was found to be independent of beam momentum, we are able to obtain reaction and total cross sections which are consistent with the optical potential used to extract these quantities from the results of transmission measurements. Table III summarizes the reaction and total cross sections at the four beam momenta. The uncertainties are the same as quoted in the earlier publication [7] , and they reflect statistical errors only. Systematic uncertainties are associated mostly with the optical model input which is inherent in the analysis [21, 7] . These were estimated to be as large as 5-10%. Indeed it can be seen that the results in Table III differ from those of Ref. [7] by about 5%, always exceeding the previous values.
IV. PHENOMENOLOGY OF THE REAL POTENTIAL
The modification of the conventional optical potential, which made possible the self consistent analysis and consequently led to the reasonably good fits to the data, was the introduction of rescaling of the imaginary potential with the factor 1 + β(ρ − ρ th )Θ(ρ − ρ th ).
In addition to this peculiar behaviour of the imaginary potential it is seen from Table II that systematic trends can be obtained from the real part of the best fit potentials. More specifically, the real part of the optical potential is found to be less repulsive than what is expected from the tρ model. The loss of repulsion seems to grow with increasing momentum, and at the two highest momenta the real part of the potential is essentially consistent with zero. To study further the real part of the optical potential we introduce a phenomenological density dependence (DD) also into the real potential such that the real part of t ef f is made to depend on the nuclear density as follows:
This form of a potential was found to be quite successful in studies of DD effects in kaonic atoms [22] and in Σ − atoms [23, 24] . It must be emphasized that this is a purely phenomenological form and that no significance is attached to e.g. the exponent α. However, when b ef f is constrained to have the corresponding value b 0 for the free-space KN interaction and when α >0, then the low density limit [25] is respected by the real potential. Using such a DD potential for the real part and using the same form, Eq.(5), for the imaginary potential (varying only Im b ef f ), we performed χ 2 fits, separately at each energy, to the reaction and total cross sections of Comparing the results of the two kinds of fits in Table IV , there is a distinct difference regarding the behaviour of the real potential at large radii. Whereas the constrained fit is dominated by the free-space KN interaction at large radii and consequently is repulsive at all four momenta of the present study, the unconstrained fit leads nominally to an attractive potential at large radii for 656 and 714 MeV/c. A way of bypassing the problem of correlations between errors is to apply a 'notch test' method [26] to estimate the uncertainties in the real potential as a function of position. Figure 1 shows the real part of the optical potential for 714 MeV/c K + on carbon as obtained from the unconstrained fits, together with the errors from the notch test. Obviously more data is needed in order to study the real potential.
Differential cross sections for the elastic scattering of K + by 6 Li and C are available at the highest momentum covered by the transmission measurements [9] and it is therefore possible to include them in the optical model fits. The adequacy of the optical potential Eq.(2) was tested by comparing angular distributions calculated for this potential with angular distributions calculated for an equivalent potential [7] containing an explicit p-wave term in the KN interaction. Preliminary fits showed that if only differential cross sections are used, then reasonably good fits are possible but, however, the calculated reaction and total cross sections are smaller than the measured values by 30 to 50%. We have therefore used an extended input data set that included the differential cross sections for 6 Li and C together with the eight integral cross sections for 6 Li, C, Si and Ca at 714 MeV/c. As with the fits to only the integral cross sections, in these combined fits we have tried three different potentials: (i) a t ef f ρ potential; (ii) an unconstrained DD potential; (iii) a constrained DD potential. In all cases the imaginary part included the rescaling discussed above. The normalization of the differential data was allowed to vary too, within the quoted range of ±15% [9] . The first two potentials produced good fits to the integral cross sections but only the unconstrained DD potential led, at the same time, also to a reasonably good fit to the differential data. The third potential, namely, the constrained DD potential that respects the low density limit, failed badly to reproduce simultaneously both types of data and also required an unacceptably large renormalization of the differential cross sections. In order to check the sensitivity of the results to the particular nuclear densities used in the optical potentials, the whole procedure was followed with both MAC and SP densities, as described above. The conclusions regarding the quality of the various fits remained unchanged.
Examples of the resulting real potentials for C are shown in Fig. 2 . The continuous curves are for the unconstrained DD potential and the dashed curves are for the t ef f ρ potential.
Examples for the uncertainties, as obtained from the notch test mentioned above, are plotted for the unconstrained DD potential based on the MAC densities. These should represent also the uncertainties in the other potentials which are included in the figure. Also shown are the potentials obtained when the MAC densities are replaced by the SP densities and it is seen that although there are differences in details, the overall picture is the same for the two models. If, in the constrained fits, the parameter α is allowed to become negative, then better quality fits are obtained but the low density limit is no longer respected. The attractive 'pocket' near the nuclear surface, as seen in Fig. 2 , persists. Comparing this figure with Fig. 1 it is seen that the real potential is a little better determined when the differential cross sections are included in the analysis. It is therefore concluded that the empirical potentials fail to respect the low density limit, at least within the present parameterization. It is doubtful whether a more elaborate phenomenological real potential can be meaningfully derived from the present data.
V. RELATIVISTIC MEAN FIELD POTENTIALS
The Relativistic Mean Field (RMF) theory, treating nucleons as Dirac particles interacting via (large) scalar and vector fields, proved to be a valuable tool to describe nuclear structure and dynamics [27] . Extensions of the nuclear RMF theory to include hyperons are reviewed in Ref. [28] . In particular, the RMF approach has been applied to constructing the optical potential for elastic scattering of Λ and Σ hyperons on nuclei [29] . Therefore, the application of the RMF theory to K + -nucleus scattering seems to be a natural extension and, also, an interesting alternative to the phenomenological DD analysis. Furthermore, fitting the RMF potentials to K + -nucleus scattering data has the potential of providing information on the coupling of kaons to the meson fields involved, which is relevant for studying the behaviour of kaons in nuclear matter, particularly in connection to kaon condensation, and also for determining the equation of state of strange baryonic matter present in neutron stars [30] .
In the RMF calculations reported below we used the common Lagrangian density in the nucleonic sector [27] , with the linear parameterization of Horowitz and Serot [31] . For completeness, we also utilized the nonlinear model of Sharma et al. [32] . Kaons were incorporated into the RMF model by using kaon-nucleon interactions motivated by one boson exchange models. The simplest relevant form of the kaon-meson Lagrangian reads:
describing the interactions of kaons (ψ) with the scalar (σ) and vector (ω and ρ) fields. As was pointed out by Schaffner and Mishustin [30] , this simple form has to be extended by the additional term
in order to satisfy in the medium the Ward identity requiring coupling of the vector field to a conserved current. For isospin saturated nuclei, the equation of motion for the kaons reduces to:
where ω 0 denotes the time component of the isoscalar vector field ω. It should be noted that the last (quadratic) term corresponding to L V 2 of Eq. (10) was omitted in the analysis of Section IV. We have checked the effects of the quadratic term (∼ ω 2 0 ), as well as a possible extension by a term proportional to σ 2 , and found these to be negligible. It is also possible to formulate the RMF calculations by reducing the second-order KG equation (11) into a Kemmer-Duffin-Petiau set of first-order coupled equations, as was done in Ref. [33] .
The equation of motion can be expressed in the form of the KG equation (Eq. (1)) with the real part of the potential given by:
where S = g σK σ and V = g ωK ω 0 . For the coupling constants g σK and g ωK we used the constituent quark model values [30, 34] , namely
In order to account for recoil effects we employed, following Ref. [35] , the recoil corrections given by Cooper and Jennings [36] , namely, we multiplied the scalar and vector potentials by the factors
Finally we introduced extra scaling coefficients for the scalar (C S ) and vector (C V ) potentials to be obtained from fits to the data. Using these scaling factors we aimed at tracing the energy dependence of the kaon couplings. After multiplying the S and V potentials in Eq. (12) by R S and R V , and by C S and C V , respectively, we arrive at the expression for the real part of the optical potential V opt to be used as a real potential in Eq. (1):
The imaginary part of V opt was again modified by letting Im t ef f (ρ) depend linearly on the average density in excess of a threshold value (see Eq. (5) the real potential and in particular the loss of repulsion with increasing momentum. Note that this is opposite to the trend of Dirac-phenomenological nucleon optical potentials which become less attractive, even repulsive, with increasing energy [35] .
VI. SUMMARY AND DISCUSSION
In the present work we have derived self consistently integral cross sections for K + -nucleus interactions from transmission experiments [3] [4] [5] [6] , updating the procedure of Ref. [7] . These reaction and total cross sections provide 32 data points for the study of medium effects in K + nuclear interactions. It had been realized for the total cross sections data subset [12] [13] [14] [15] [16] , and quite recently also for the reaction cross sections data subset [7, 19] , that the values of these integral cross sections, for the relatively dense C, Si and Ca nuclei, exceed substantially the predictions of the first-order optical potential V opt = tρ, by up to about 25%. This is inconceivable [13] for as weakly interacting hadron as the K meson is. The free-space t matrix used in these theoretical studies, particularly its imaginary part which is proportional to the KN total cross section σ, is usually consistent with the total cross sections derived for the deuteron in the same transmission experiments [6, 7] .
In the eikonal approximation (cf. Ref. [13] for testing its validity at these energies), the total reaction cross section is given by
where W (r) = − Im V opt (r). It is clear that, in order to increase the calculated value of σ R , it is necessary to increase correspondingly W (r) beyond the tρ expression W opt (r) =hvσρ(r)/2.
Whereas a moderate increase of W (r) (cf. the values of Im b ef f listed in Table II vs. the values Im b 0 listed there in parentheses) was found to satisfactorily reproduce the integral cross sections for 6 Li, no simple extension in terms of powers of the density ρ, or of the average densityρ, could be found to reproduce simultaneously the integral data for the other, considerably denser nuclei. The only way found to reproduce self consistently all the integral cross sections was by introducing the density dependence of Eq. (5) according to which the (energy dependent) coefficient Im t ef f increases linearly with (ρ − ρ th ) oncē ρ > ρ th , for a value of ρ th given by Eq. (7) which is essentially independent of energy. Since, by fitting to the data, ρ th turned out to be intermediate betweenρ ( For Re V opt it was not necessary to introduce as complex density dependence as discussed above for Im V opt . In fact, Re t ef f could be kept independent of density, becoming progressively less repulsive with energy, so that Re V opt ≈ 0 for p ∼ 700 MeV/c. It was also possible to respect the low density limit, with a repulsive tρ term of about 25 MeV, by adding an attractive term depending on a higher power of the density such that the overall Re V opt again becomes close to zero for p ∼ 700 MeV/c. This same tendency of Re V opt to become less repulsive with energy is also obtained when fits are based on RMF scalar and vector potentials taken from structure calculations or from nucleon-nucleus Dirac phenomenology.
The RMF scaling factors C S and C V of Eq. (15) We have also studied differential cross sections for elastic scattering of K + recently reported [9] for 6 Li and C at p = 715 MeV/c. Whereas these data definitely require a significant amount of density dependence beyond the tρ approximation in order to achieve reasonable good fits, the resultant potentials are incompatible with potentials obtained from fits to integral cross sections only. When fits to the combined data set at 714 MeV/c consisting of both differential and integral cross sections are made, Re V opt is weakly repulsive within the nucleus, turning into an attractive pocket at the surface which, however, violates the low density limit. As for the fitted imaginary part of the optical potential, the specific density dependence of Eq. (5) is upheld also by this extended set of data.
A brief discussion of several theoretical works is in order. Siegel et al. [14] suggested that nucleon "swelling" in the medium primarily affects the dominant S 11 KN phase shift by increasing it in the nuclear medium. In the momentum range 500-700 MeV/c this amounts to increasing Im b 0 , as required by the data, but decreasing (the negative) Re b 0 contrary to the trend suggested by fitting to the data, of increasing it to become less repulsive. A similar remark holds against the mechanism of dropping vector-meson masses in the nuclear medium as suggested by Brown et al. [15] . The meson exchange current effect considered in Refs.
[ 17, 18] is capable of producing the increment necessary for Im b 0 in order to fit the integral cross sections as function of energy, but it suggests no significant change in Re b 0 . Finally, the most recent work by Caillon and Labarsouque [16] , who consider medium effects for the mesons exchanged between the K + and the bound nucleons, produces both modifications required in order to fit the data, namely increasing Im b 0 and Re b 0 simultaneously to an extent which is comparable at 700 MeV/c with the values of b ef f shown in our Table II. However, these authors as well as other works are unable to produce the major medium effect which in our phenomenological approach is expressed by modifying Im b ef f by the [1 + β(ρ − ρ th )Θ(ρ − ρ th )] factor. In this sense, no satisfactory theoretical approach yet exists to describe K + nucleus interaction at intermediate energies. We point out two features which make it even harder for theory to explain the integral cross sections data: (i) the self consistent values of σ T published here are always larger, by about 5% than the previous values [6] used in some of the theoretical works; (ii) there exist now σ R data, published here, which indicate a similar problem for theory as the σ T data do. This appears to suggest that the theoretically missing part of the cross section belongs to some in-medium major reaction channels mistreated by the tρ optical model approach and its conventional, relatively minor modifications; or that at present theory misses some nonconventional in-medium effects that would strongly invalidate the tρ starting point.
New inelastic data for 6 Li and C at 635 and 715 MeV/c are being reported [10] . These inelastic excitations also require to be enhanced theoretically in order to fit the new data.
Even though the corresponding transition densities peak at the nuclear surface where ρ < ρ th , one cannot simply argue that these inelastic processes need not be strongly renormalized by the medium effect specified here; ours is a global, not a local prescription, since it involvesρ; not ρ. 
